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Setting

e Data drawn according to a known causal DAG & over
variables V

e No unobserved confounding

¢ Point treatment A, outcome Y

e Want to efficiently estimate the counterfactual mean EY(a)

Observations

e Not every variable in V is informative for estimating EY(a)
e Multiple identifying formulae for EY(a): not equally
“efficient”

Motivating example
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p=1[r(v|Pa(v))

= p(a|i)ply | a,0)p(i | wi)p(o|w)

X p(wy | wa, ws)p(ws | wa)p(wa)p(wa).

Compare large-sample performance of plugin estimates of identifying formulae:

15> g-formula (Robins, 1986) is efficient (MLE)
VEiG)= S yPuly | A=a0)Ba(i | wi)
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XPnp(o | wi)Pn(wa | wo, w3)Pp(ws | wa)Pp(wo)Pp(wa).

15> adjustment formulae are inefficient

v (P, ZIP L)ZyIP (y| A= a,L)

where L can take
{O}, {l, O}, {l, Wi, O}, {l, O, W, W2}, .

5" the “reduced” g-formula is also efficient (not MLE)
V,(P,;GF) = Z yP.[y | A= a, o]

y,0,Wo,W3

X Pn(o | Wo, W3)Pn(W2)]P>n(W3).

without even using the data on {/, W, W,}! = uninformative

¢ Universidad Torcuato Di Tella

Vertex taxonomy

e N = {non-ancestors of Y}

e I = {instruments, only goes to Y thru A}
e W = {baseline covariates}

e M = {mediators}

e W D O = {optimal adjustment set}
(Henckel et al., 2022)

Variable elimination

We graphically characterized the set of informative variables V*.

Theorem 1 The set of informative variables is given by
V*(G)={A, Y} UO
U{W; € W\ O : W, fails the W-criterion}
U{M; € M : M; fails the M-criterion}.

55" W-criterion: baseline covariate W; € W\O is uninformative iff

1. W Alg O W, Pa(W, )\ {W;},
2. andform=1,...,r:

(i) W, _, — W,  (children are chained)
(i) Pa(W,; ) C Pa(W, JuU{W, .} (parent sets are decreasing)
(iii) Pa(Wj,_,) \ Pa(Wj,) 1Lg O | Pa(W,)
separated from Q)
[=5° and there is a similar M-criterion for mediators

(left-over piece is

Graph reduction

DAG € over V can be reduced to DAG &€* over V*.

Algorithm
V: —{A Y}]UWUM
G* <+ G(V") by projecting out N and | with latent projection
for v € V* do
if (v € W)\ O and v satisfies the W-criterion) or (v € M and v satisfies
the M-criterion) then
V* «— V*\ {v}
G* < G-,
end if
end for

return G* g latent projection (Verma and Pearl, 1991) would introduced unwanted <> edges

= G saturates edges from Pa(v) to Ch(v) and those within Ch(v), before

removing V.
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Theorem 2 The reduced DAG &* over V* satisfies the following:
1. &°* does not depend on the order that vertices are visited by the Algorithm.
2. When uninformative variables are continuous, &* represents the marginal
model over V* induced by the DAG model &* over V.
3. &* preserves the causal identification of EY(a):
Y (P; &) =YY, (P* &%) forevery P € M (F)
4. G* preserves the efficient influence function for EY(a) (and hence the
semiparametric variance bound).

Reduced, efficient g-formula

Corollary The g-formula prescribed by &* is the reduced, efficient
identifying formula for EY(a):
: : _ ~1/2
| Ta(ﬂ:bqua S6*) _ lPa(ﬂ:bna Cg) | — 0p(n )’

n— oo.

Motivating example (cont'd)
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I=3" Numerical results: variance X n

Wo| = [Ws| =5, [Wh| =50  [Wa| = [Wa| = 50, [W:] = 10

n=200 n=500 n=1k n =20k n =50k n =100k

UAy (Pe;G) 0163 0164 0.164 0.031 0.031 0.031
VU, (Py; G) 0.013  0.012  0.012 0.012  0.012 0.012
U, (Py; G*) 0.013  0.012  0.012 0.013  0.013 0.012
Examples
) =
BoM—0) B—

¥ (P; &%) = Z E[Y|A = a, O = 0]P(0)

Y (P; &%) = 2 E[Y|m,] Z P(my|o0y,0,,A = a)P(0,)P(0,)
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